In this paper, we propose a scheme of active ion optical clock with detailed pumping method, lasing states, output power, linewidth and light shift. Using 171 Yb + ions in a Paul Trap we propose to utilize a Fabry-Perot resonator to realize lasing of active optical frequency standards. The quantum-limited linewidth of active 171 Yb + ion optical clock is narrower than 1 mHz. Based on the mechanism and advantages of active optical clock at ion optical clock transition frequency, this new laser light source as a stable local oscillator, will be beneficial to the single-ion optical clock, which currently is the most accurate clock.
I. INTRODUCTION
Optical clocks, with natural linewidth at the millihertz level, have demonstrated great improvements in stability and accuracy over the microwave frequency standards. The research on optical atomic clocks have achieved remarkable progress in the past several years especially in single-ion optical clocks. All-optical atomic clock referenced to the 1.064 petahertz transition of a single trapped 199 Hg + ion has been realized in 2001 [1] . Two Al + ion optical clocks, operated at 1 S 0 to 3 P 0 clock transition with frequency near 1.121 petahertz and narrow natural linewidth of 8 mHz, have been constructed with fractional frequency inaccuracy of the order of magnitude 10 −18 [2, 3] . Although these single-ion optical clocks have reached unprecedented stability and accuracy, there are still some problems to be solved. The observed linewidth of the clock transition is limited by the linewidth of the probe laser [4] [5] [6] [7] . Thus, narrow linewidth laser light source becomes the key factor of the performance of single-ion optical clocks.
Since the proposal of active optical clock [8, 9] , a number of neutral atoms with two-level, three-level and four-level at thermal, laser cooling and trapping configurations have been investigated recently [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . The potential quantum-limited linewidth of active optical clock is narrower than mHz, and it is possible to reach this unprecedented linewidth since the thermal noise of cavity mode can be reduced dramatically with the mechanism of active optical clock [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Therefore, a laser light source based on active ion optical clock will be favorable to single-ion optical clocks.
One candidate is 171 Yb + ion. With about 10 6 171 Yb + ions in a Paul Trap [20] , the population inversion can be realized as shown in Fig. 1 . The cooling laser and repumping laser at 2 S 1/2 (F = 1) to 2 P 1/2 (F = 0) and 2 S 1/2 (F = 0) to 2 P 1/2 (F = 1) transitions are used as pumping laser. First, during the cycling F = 1 to F = 0 transition, there is a branching probability of 6.6 × 10 −3 for ions decaying to 2 D 3/2 (F = 1) sublevel [21] . Second, when the ions that leaked to 2 S 1/2 (F = 0) are repumped to 2 P 1/2 (F = 1), ions will decay to 2 D 3/2 (F = 1, 2) sublevels. Then the population inversion is established between 2 D 3/2 (F = 1) and 2 S 1/2 (F = 0) sublevels. The ions at 2 D 3/2 (F = 2) can be repumped with a 935 nm laser at transition from 2 
is also coupled with one mode of ion laser cavity.
Based on the assumption that the ions have been trapped in a Paul Trap, and the theories of the interaction between the ions and light, the density matrix equations for 171 Yb + ions interacted with the cooling light and the repumping light can be written in RWA-approximation as follows: 
The subscript numbers of the density matrix correspond to different energy levels as shown in Fig. 1 . The diagonal elements mean the number of ions in corresponding states and off-diagonal elements mean coherence between two states. The Rabi frequency is Ω 23 = d 23 ε 1 / , where d 23 is the electric dipole matrix between the 2 S 1/2 (F = 1) state and 2 P 1/2 (F = 0) state, ε 1 is the electric strength of the cooling light. Ω 14 = d 14 ε 2 / , with the electric dipole matrix d 14 between the 2 S 1/2 (F = 0) state and 2 P 1/2 (F = 1) state and the electric strength ε 2 of the repumping light. ∆ 1 (= ω 23 − ω 1 ) and ∆ 2 (= ω 14 − ω 2 ) are frequency detunings of cooling and repumping light on the transition frequencies. They are both set to be 0. Γ 32 , Γ 35 , Γ 41 , Γ 42 , Γ 45 , Γ 51 and Γ 52 are decaying rates related to the lifetimes of the corresponding energy levels described in Fig. 1 . Γ c is the cavity loss rate and n is the photon number if there exists a cavity. K ∼ g 2 t int is the laser emission coefficient [24] where g is ion-cavity coupling constant and t int is the interaction time. Without the cavity, Γ c and K are both 0. The effective decay rate of the channel, from 6p 2 P 1/2 to 5d 2 D 3/2 (F = 0) then repumped with 935 nm laser to 3 D[3/2] 1/2 (F = 1) and decay to 2 S 1/2 by spontaneous transition, is ignored in calculations since it is much smaller than Γ 32 .
For the convenience of reading, here we summarize all of the relevant parameters mentioned above in Table 1 as follows. 5 s −1 . An optical resonant bad cavity, whose linewidth of cavity mode is much wider than the linewidth of gain, could be applied to the lasing transition between the inverted states 2 D 3/2 (F = 1) and 2 S 1/2 (F = 0), as the population inversion occurs. The oscillating process could start up once the optical gain exceeds the loss rate. The corresponding density matrix equations together with the equations of emitted photons(n) from the total ions(N) inside the cavity can be written as above. We use a Fabry-Perot resonator with mode volume about 3.3 × 10 −7 m 3 and the cavity loss rate Γ c = 500 kHz. The laser emission coefficient is K = 10s −1 . Fig. 3 describes the solution of the photon number equation. From Fig. 3 we can conclude that a stable laser field has been built up within laser cavity on condition that the population inversion is preserved. The steady-state value of photon number n is 160 and the power of this 171 Yb + ion laser lasing from 2 D 3/2 (F = 1) to 2 S 1/2 (F = 0) is about 37pW. in the case of the same total ions number(see Fig. 4 ). Given Ω 14 = 4.75 × 10 5 s −1 , the largest value of Ω 14 we can get under general experimental condition, the steady-state value of photon number n is 336. The power of this 171 Yb + ion laser is about 77 pW. As the number of ions in the cavity increases, the steadystate value of photon number is expected to rise accordingly. The steady-state value of photon number n varying with the total ions number N in the cavity is also shown in Fig. 4 . Considering the actual experimental condition, we set the largest number of total ions in the cavity to be 10 6 .
Compared with the traditional laser, the primary three conditions are fulfilled for the active optical frequency standards based on Paul Trap trapped ions just proposed in this paper. The very difference is that the lifetime of the lasing upper energy level is so long that the natural linewidth of the laser field is much narrower than the cavity mode linewidth, which is 500 kHz. Besides, the temperature of cold ions trapped in Paul Trap decreases the Doppler broadening linewidth. Therefore, active ion optical clock operating at the condition of bad cavity will be a very stable narrow-linewidth laser source since the cavity pulling effect will dramatically reduce the cavity length noise due to Johnson thermal effect. It is suitable for single-ion optical frequency standards due to its higher stability.
III. LINEWIDTH OF ACTIVE YB ION LASER
Although conventional single-ion optical clocks have reached unprecedented stability and accuracy, the observed linewidth of the clock transition is limited by the linewidth of the probe laser [4] [5] [6] [7] . Active ion optical clock, as which we presented in this paper, can offer a new laser light source for single-ion optical clocks because of its narrow linewidth and high stability.
After laser cooling, the γ = 3.1 Hz natural linewidth clock transition between 2 S 1/2 (F = 0) and 2 D 3/2 (F = 1) states has been measured with a Fourier-limited linewidth of 30 Hz recently [22] . Based on the mechanism of active optical clock [8] , to reduce the effect caused by the thermal noise of cavity, the ion laser cavity should be bad cavity, which means the linewidth of the cavity (or the cavity loss rate) should be much wider than the linewidth of the gain (the broaden ion transition linewidth after considering the Doppler broadening, collision broadening and light shift etc.). Given the linewidth of ion gain to be 30 Hz as measured, one can set the cavity mode linewidth as κ = 500 kHz. Then the cavity related noise is reduced by 4 orders of magnitude to below 1 mHz with the best cavity design. The ion-cavity coupling constant [8] can be set around g = 20 Hz. The quantum-limited linewidth of active ion optical clock [13] γ ionlaser = g 2 /κ is narrower than 1 mHz.
There are still some effects that will shift and broaden the linewidth of active ion optical clock, like light shift caused by the repumping laser. For 171 Yb + active ion optical clock, the largest light shift effect is caused by the repumping laser of 2 S 1/2 (F = 0) to 2 P 1/2 (F = 1) transition. By adjusting this repuming laser at red detuning to 2 P 1/2 (F = 1), its light shift can be greatly reduced by suitable blue detuning to 2 P 1/2 (F = 0) transition. The repumping laser can be stabilized to an uncertainty of ∆ = 100 Hz. Considering that the spontaneous decay rate of 2 [23] . Then, coupled with a bad cavity via stimulated emission, the ions transit from 2 D 3/2 to 2 S 1/2 state in the configuration of three-level ion laser. With a magnetic field along the cavity axis, the laser light will be circularly polarized.
In summary, we propose a scheme of active ion optical and N = 10 6 , the steady-state value of photon number is n = 336 and the laser power is 77 pW. The quantum-limited linewidth of active 171 Yb + ion optical clock is narrower than 1 mHz. Other ions like Ba + , Ca + and Sr + are suitable for active optical clock. Active optical clock and narrow linewidth ion laser may also be realized with these candidate ions.
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